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1. Introduction
For a Fano manifold, a minimal rational component K is deﬁned to be a dominating irreducible
component of the normalization of the parameter space of rational curves whose degree is mini-
mal among such components and a variety of minimal rational tangents is the parameter space of the
tangent directions of K -curves at a general point. Nowadays these two objects often appear in the
study of Fano manifolds [13,29]. On the other hand, chains of rational curves also play an important
role in the ﬁeld. For instance, Kollár, Miyaoka and Mori [32] and Nadel [38] independently showed
the boundedness of the degree of Fano manifolds of Picard number ρ = 1 by using chains of rational
curves. From these viewpoints, it is a natural question how many rational curves in the family K are
needed to join two general points. We denote by lK the minimal length of such chains of general
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the lengths of Fano manifolds via the varieties of minimal rational tangents. They also dealt with
some examples when the varieties of minimal rational tangents and those secant varieties are sim-
ple, such as complete intersections, Hermitian symmetric spaces and homogeneous contact manifolds.
Furthermore the following was obtained.
Theorem 1.1. (See [17,22].) Let X be a prime Fano n-fold of ρ = 1. If the Fano index iX satisﬁes n + 1 > i X >
2
3n, then lK = 2.
A Fano manifold is prime if the ample generator of the Picard group is very ample. Our original
motivation of this paper is to compute the lengths of Fano manifolds of coindex  3. By the above
theorem, it is suﬃcient to consider the cases where n 5, (n, i X ) = (6,4) and X is non-prime. Remark
that non-prime Fano manifolds of coindex  3 admit double cover structures [8–10,37,35]. First we
show the following by using the method of Hwang and Kebekus (precise deﬁnitions of notations are
given in Sections 2 and 4):
Theorem 1.2 (Theorem 5.2, Theorem 5.7). Let X be a Fano n-fold of ρ = 1,K a minimal rational component
of X and p + 2 the anti-canonical degree of rational curves in K . Then if p = n − 3 > 0, we have lK = 2
and if (n, p) = (5,1), we have lK = 3.
By combining this theorem and well-known or easy arguments, we obtain the following table (see
Remark 4.8, Theorem 5.4 and Theorem 5.8). In particular, when n 5, lK depends only on (n, p).
n p lK n p lK n p lK
3 2 1 4 3 1 5 4 1
3 1 2 4 2 2 5 3 2
3 0 3 4 1 2 5 2 2
4 0 4 5 1 3
5 0 5
As a corollary, we get a better bound on the degree of Fano 5-folds of ρ = 1.
Corollary 1.3 (Corollary 5.10). For a Fano 5-fold of ρ = 1, (−KX )5  95 = 59049.
On the other hand, the following shows lK does not depend only on (n, p) in general.
Theorem 1.4 (Theorem 6.4). Let X be a Fano manifold of ρ = 1 with coindex 3 and K a minimal rational
component of X . Assume that n := dim X  6. Then lK = 2 except the case X is a 6-dimensional Lagrangian
Grassmannian LG(3,6). In the case X = LG(3,6), we have lK = 3.
Consequently, we obtain the following table (n 6).
X iX lK
Pn n+ 1 1
Qn n 2
del Pezzo manifold of dimension n n− 1 2
Mukai manifold of dimension n 7 n− 2 2
Mukai manifold of dimension 6 4 2 or 3
In Theorem 7.6, we give a classiﬁcation of prime Fano n-folds satisfying i X = 23n and lK = 2.
These are extremal cases of Theorem 1.1. Except the case n = 3, these varieties are deeply related
to Severi varieties which are classiﬁed by Zak [40] (see Corollary 7.7). Furthermore, for prime Fano
manifolds, we discuss a relation among 2-connectedness by lines, conic-connectedness and defectiveness
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double covers and are covered by rational curves of degree 1, by a geometric argument without using
varieties of minimal rational tangents. In Proposition 8.1, we give a criterion for such Fano manifolds
to be 2-connected. Remark that all Fano manifolds dealt in [17] as examples are prime. However our
cases include some non-prime Fano manifolds. Throughout this paper, we work over the complex
number ﬁeld C.
2. Deformation theory of rational curves and varieties of minimal rational tangents
First we review some basic facts of deformation theory of rational curves and the deﬁnition of
varieties of minimal rational tangents. For details, we refer to [13,30] and follow the conventions of
them.
Throughout this paper, unless otherwise noted, we always assume that X is a Fano manifold
of Pic(X) ∼= Z[OX (1)], where OX (1) is the ample generator, and denote by RatCurvesn(X) the nor-
malization of the space of integral rational curves on X . We also assume n := dim X  3. We denote
by i X the Fano index of X which is the integer satisfying ωX ∼=OX (−i X ), where ωX =OX (KX ) is the
canonical line bundle of X . We call n+ 1− i X the coindex of X .
As is well known, a Fano manifold is uniruled. It is equivalent to the condition that there exists a
free rational curve f : P1 → X . Here we call a rational curve f : P1 → X free if f ∗T X is semipositive.
An irreducible component K of RatCurvesn(X) is called a minimal rational component if it contains
a free rational curve of minimal anti-canonical degree. We denote by Kx the normalization of the
subscheme of K parametrizing rational curves passing through x. Since each member of K is nu-
merically equivalent, we can deﬁne the OX (1)-degree of K which is denoted by dK . We will use
the symbol p to denote i XdK − 2. In this setting, the minimal rational component K satisﬁes the
following fundamental properties.
Proposition 2.1. (See [13].)
(i) For a general point x ∈ X,Kx is a disjoint union of smooth projective varieties of dimension p.
(ii) For a general member [ f ] of K , f ∗T X ∼=O(2) ⊕O(1)p ⊕On−1−p which is called a standard rational
curve. In particular, p  n− 1.
Theorem 2.2. (See [27].) For a general point x ∈ X, there are only ﬁnitely many curves in Kx which are
singular at x.
For a general point x ∈ X , we deﬁne the tangent map τx :Kx → P(Tx X)2 by assigning the tangent
vector at x to each member of Kx which is smooth at x. We denote by Cx ⊂ P(Tx X) the image of τx ,
which is called the variety of minimal rational tangents at x.
Theorem 2.3. (See [20,27].) The tangent map τx :Kx →Cx ⊂ P(Tx X) is the normalization.
Theorem 2.4. (See [3,26].) If p = n− 1, namelyCx = P(Tx X), then X is isomorphic to Pn.
Theorem 2.5. (See [11].) Let S = G/P be a rational homogeneous variety corresponding to a long simple root
and Co ⊂ P(To S) the variety of minimal rational tangents at a reference point o ∈ S. Assume Co ⊂ P(To S)
andCx ⊂ P(Tx X) are isomorphic as projective subvarieties. Then X is isomorphic to S.
Theorem 2.6. (See [36].) If X is a Fano manifold of n := dim X  3, the following are equivalent.
(i) X is isomorphic to a smooth quadric hypersurface Qn.
2 For a vector space V , P(V ) denotes the projective space of lines through the origin in V .
166 K. Watanabe / Journal of Algebra 325 (2011) 163–176(ii) The Picard number of X is 1 and the minimal value of the anti-canonical degree of rational curves passing
through a very general point x0 ∈ X is equal to n.
Corollary 2.7. If p = n− 2, namelyCx ⊂ P(Tx X) is a hypersurface, X is isomorphic to Qn.
Proof. For a very general point x0 ∈ X , any rational curve passing through x0 is free. Let C0 be a
rational curve passing through x0 whose degree is minimal among such rational curves and H ⊂
RatCurvesn(X) an irreducible component containing [C0]. Then H is a dominating family. It implies
that the anti-canonical degree of H is equal to one of K . Furthermore the anti-canonical degree
of K is n from our assumption. Therefore X is isomorphic to Qn by Theorem 2.6. 
3. Varieties of minimal rational tangents in the cases p = n− 3 and (n, p) = (5,1)
Proposition 3.1. (See [13, Proposition 1.4, Proposition 1.5, Theorem 2.5], [14, Proposition 2, Proposition 5], [16,
Proposition 2.2].) Let X ,K and p be as in Section 2 andCx the variety of minimal rational tangents associated
toK at a general point x ∈ X.
(i) The tangent map τx :Kx →Cx ⊂ P(Tx X) is an immersion at [C] ∈Kx if C is a standard rational curve
on X.
(ii) If X ⊂ PN is covered by lines, the tangent map τx is an embedding. In particular, Cx is a disjoint union of
smooth projective varieties of dimension p.
(iii) If 2p > n− 3 andCx is smooth,Cx ⊂ P(Tx X) is non-degenerate.
(iv) IfCx is reducible, it has at least three components.
(v) If Cx is a union of linear subspaces of dimension p > 0, two distinct irreducible components of Cx are
disjoint.
(vi) Cx cannot be an irreducible linear subspace.
Proposition 3.2. (See [18, Proposition 9].) Let X , K and Cx be as above, P(Wx) the linear span of Cx and
Tx ⊂ P(∧2 Wx) the subvariety parametrizing tangent lines of the smooth locus of Cx. Then Tx is contained
in P(Ker([ , ]x)) ⊂ P(∧2 Wx), where [ , ]x :∧2 Wx → Tx X/Wx is the Frobenius bracket tensor.
Lemma 3.3. If X ⊂ P(V ) is an irreducible hypersurface which is not linear, then its variety of tangential lines
TX ⊂ P(∧2 V ) is non-degenerate.
Proof. Assume that TX ⊂ P(∧2 V ) is degenerate. We denote by C(X) ⊂ V the cone corresponding to
X ⊂ P(V ). Then there exists a nonzero ω ∈∧2 V ∗ such that C(X) is isotropic with respect to ω. We
set Q := {v ∈ V | ω(v,w) = 0 for any w ∈ V }. ω induces a nonzero symplectic form on V /Q . For the
projection π : V → V /Q , it follows 2dimπ(C(X))  dim V /Q . Remark that dim V − 1 = dimC(X).
Therefore we have an inequality dim V /Q  2. Since π(C(X)) is not V /Q and {0}, it implies that
π(C(X)) ⊂ V /Q is a line. Hence C(X) ⊂ V is a hyperplane. This contradicts the non-linearity of X . 
Proposition 3.4. (See [12, Proposition 2].) Let X ,K , Cx, Wx be as in Proposition 3.2 and W be the distribu-
tion deﬁned by Wx for general x ∈ X. Then W is integrable if and only if Wx coincides with Tx X for general
x ∈ X.
Proposition 3.5. (Cf. [14, Proposition 7].) Let X be a Fano n-fold of ρ = 1 andK a minimal rational compo-
nent of X with p = n − 3 > 0. Then the variety of minimal rational tangents Cx ⊂ P(Tx X) at a general point
x ∈ X is one of the following:
(i) a non-degenerate variety with no linear component, or
(ii) a disjoint union of at least three lines.
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follows from the irreducibility of C , where C ⊂ P(T X ) is the closure of the union of the Cx for
general points x ∈ X . By Proposition 3.1, Cx is a disjoint union of at least three linear subspaces. Let
Cx,1 and Cx,2 be distinct components of Cx . Since dimCx,1 +dimCx,2 −dimP(Tx X) = n−5, we have
Cx,1 ∩Cx,2 = ∅ if n 5. This implies n = 4 and Cx is a disjoint union of at least three lines.
Second assume that Cx has no linear components. We will show that Cx ⊂ P(Tx X) is non-
degenerate. Suppose Cx ⊂ P(Tx X) is degenerate. Let P(Wx) be the linear span of Cx and Tx ⊂
P(
∧2 Wx) be the subvariety parametrizing tangent lines of the smooth locus of Cx . By Proposi-
tion 3.2, we have Tx ⊂ P(Ker([ , ]x)) ⊂ P(∧2 Wx), where [ , ]x :∧2 Wx → Tx X/Wx is the Frobenius
bracket tensor. Lemma 3.3 implies that Tx ⊂ P(∧2 Wx) is non-degenerate. Therefore P(Ker([ , ]x)) co-
incides with P(
∧2 Wx). Applying Frobenius Theorem, the distribution W deﬁned by Wx is integrable.
However, this contradicts Proposition 3.4. 
By the same argument, we can show the following:
Proposition 3.6. If (n, p) = (5,1), then the variety of minimal rational tangents Cx ⊂ P(Tx X) at a general
point x ∈ X satisﬁes one of the following:
(i) a curve with no linear component whose linear span 〈Cx〉 has dimension at least 3, or
(ii) a disjoint union of at least three lines.
4. Spanning dimensions of loci of chains
For simplicity, throughout this section, we continue to work under the same assumption as in
Section 2 except Deﬁnition 4.4 and Remark 4.5, that is, X is a Fano n-fold of ρ = 1 with n  3 and
K is a minimal rational component of X . Remark that we can also work in a slight more general
situation (in the category of uniruled manifolds).
Deﬁnition 4.1. (See [17].) Let X and K be as above. For a general point x ∈ X , we deﬁne
loc1(x) :=
⋃
[C]∈Kx
C and lock+1(x) :=
⋃
[C]∈Ky for general y∈lock(x)
C inductively.
We denote the maximal value of the dimensions of irreducible components of lock(x) by dk .
Deﬁnition 4.2. (See [17].) If there exists an integer l such that dl = dim X but dl−1 < dim X , we say
that X has length l with respect toK , or X is l-connected byK . We denote by lK the length.
By our assumption that the Picard number of X is 1, we can deﬁne the length.
Proposition 4.3. (See [31], [32, Lemma 1.3], [38] and [30, Corollary IV.4.14].) Let X andK be as above. Then
there exists lK , that is, two general points on X can be connected by a ﬁnite number of rational curves inK .
Furthermore we have lK  dim X.
Deﬁnition 4.4. For varieties X, Y ⊂ PN , we deﬁne the join of X and Y by the closure of the union of
lines passing through distinct two points x ∈ X and y ∈ Y and denote by S(X, Y ). In the special case
that X = Y , S1X := S(X, X) is called the secant variety of X .
Remark 4.5. In general, it is easy to see the dimension of the secant variety S1X is at most 2n + 1,
where n := dim X . The expected dimension of the secant variety S1X is 2n + 1. When the dimension
of S1X is less than 2n+ 1, we say the secant variety S1X is defective.
168 K. Watanabe / Journal of Algebra 325 (2011) 163–176In [17] Hwang and Kebekus computed the ﬁrst spanning dimension d1 and gave a lower bound of
the second d2 (resp. dk) under the assumption Kx is irreducible for a general point x ∈ X by using
the secant variety of the variety of minimal rational tangents. However their proof works even if we
drop the assumption on the irreducibility of Kx .
Theorem 4.6. (See [17,29].) Let X be a Fano n-fold of ρ = 1with n 3 andK a minimal rational component
of X . Then, without the assumption thatKx is irreducible for a general point x ∈ X, we have
(i) d1 = p + 1 and dk  k(p + 1) for each k 1,
(ii) d2  dim S1Cx + 1, if p > 0.
Proof. The former follows from Mori’s Bend and Break and an easy induction on k. For the later, there
is a proof in [29, Theorem 21] which is easier than one in [17]. 
Lemma 4.7. Let X andK be as above. If p = 0, we have lK = n.
Proof. We have an inequality dk+1  dk + 1. In particular, dk  k. By combining Proposition 4.3, we
obtain our assertion. 
Remark 4.8. If X is a Fano 3-fold of ρ = 1 which is not isomorphic to P3 and Q3, then lK = 3. Hence
in the 3-dimensional case, we have the following table:
p iX X lK dK
2 4 P3 1 1
1 3 Q3 2 1
0 2 del Pezzo 3 1
0 1 Mukai 3 2
5. Lengths of Fano manifolds of dimension 5
Lemma 5.1. Let X, Y ⊂ PN be irreducible projective varieties of dimension n. Then the following holds.
(i) Vert(X) := {p ∈ X | S(p, X) = X} ⊂ PN is a linear subspace.
(ii) If codim(Vert(X), X) 1, then Vert(X) = X.
(iii) If dim S(X, Y ) = n+ 1, then X, Y ⊂ Vert(S(X, Y )).
(iv) If N = n+ 2 and X ⊂ Pn+2 is a non-degenerate variety which is not linear, then S1X = Pn+2 .
(v) If X or Y is non-linear and dim S(X, Y ) = n+ 1, then S(X, Y ) ⊂ PN is a linear subspace.
Proof. (i) It is well known that the vertex Vert(X) ⊂ PN is a linear subspace (see [7, Proposi-
tion 4.6.2]).
(ii) Suppose that codim(Vert(X), X)  1 and Vert(X) = X . Then dimVert(X) = n − 1. For a point
x ∈ X \ Vert(X), it turns out that X coincides with a linear space S(x,Vert(X)). Hence Vert(X) is an
n-dimensional linear space. This is a contradiction.
(iii) It is enough to prove that Y ⊂ Vert(S(X, Y )). Assume that dim S(X, Y ) = n + 1. If Y is con-
tained in Vert(X), we see S(X, Y ) = X . This contradicts our assumption. So this implies that Y is not
contained in Vert(X). For y ∈ Y \ Vert(X), we obtain S(y, X) = S(Y , X). Furthermore we see
S
(
y, S(X, Y )
)= S(y, S(y, X))= S(y, X) = S(Y , X). (1)
Thus our assertion holds.
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a contradiction. So we have dim S1X = n + 1. Then (iii) implies that X ⊂ Vert(S1X) ⊂ S1X . Since
X ⊂ Pn+2 is non-degenerate, we get a contradiction.
(v) Because dim S(X, Y ) = n+ 1, it follows from (iii) that X, Y ⊂ Vert(S(X, Y )) ⊂ S(X, Y ). Then we
have Vert(S(X, Y )) = S(X, Y ) because at least one of X and Y is not linear. So S(X, Y ) is a linear
space. 
Theorem 5.2. Let X be a Fano manifold of ρ = 1 with n = dim X  4. Assume that X has a minimal rational
componentK with p = n − 3 > 0. Then X is 2-connected byK . In particular, if the Fano index iX is n − 1,
then X is 2-connected by lines.
Proof. By Proposition 3.5, the variety of minimal rational tangents Cx ⊂ P(Tx X) is
(i) a non-degenerate variety with no linear component, or
(ii) a disjoint union of at least three lines.
Let Cx be as in (i). If Cx is irreducible, Lemma 5.1(iv) implies S1Cx = P(Tx X). On the other
hand, in the case where Cx is reducible, S1Cx = P(Tx X) also holds. In fact, for the irreducible de-
composition Cx = Cx,1 ∪ · · · ∪ Cx,m , we assume that S(Cx,i,Cx, j) = P(Tx X) for any i, j. Then we
see dim S(Cx,i,Cx, j) = n − 2. Hence Lemma 5.1(v) implies that S(Cx,i,Cx, j) is a linear subspace
Pn−2 ⊂ P(Tx X). It turns out from Proposition 3.1 that m 3. From now on, we focus on (i, j) = (1,2).
Because Cx ⊂ P(Tx X) is non-degenerate, there exists j such that S(Cx,1,Cx,2) = S(Cx,1,Cx, j). We
may assume that j is 3. We have Cx,1 ⊂ S(Cx,1,Cx,2)∩ S(Cx,1,Cx,3). Furthermore since S(Cx,1,Cx,2)
and S(Cx,1,Cx,3) are distinct linear subspaces of dimension n − 2, the intersection is a linear sub-
space of dimension n−3. Thus we have Cx,1 = S(Cx,1,Cx,2)∩ S(Cx,1,Cx,3). However this contradicts
our assumption that Cx has no linear components. If Cx is as in (ii), we also have S1Cx = P(Tx X).
As a consequence, in any case we have S1Cx = P(Tx X). This implies that d2 = n. On the other
hand, since d1 = p + 1 = n − 2 < n, X is 2-connected by K . If i X = n − 1  3, then it follows from
the equation p + 2= i XdK that p = n− 3. 
Remark 5.3. If X is a prime Fano manifold with i X = n − 1 which is a del Pezzo manifold whose
degree is at least 3, then the latter statement of the above theorem follows from Theorem 1.1.
Theorem 5.4. Let X be a Fano 4-fold of ρ = 1. Then we have the following table:
p iX X lK dK
3 5 P4 1 1
2 4 Q4 2 1
1 3 del Pezzo 2 1
1 1 coindex 4 2 3
0 2 Mukai 4 1
0 1 coindex 4 4 2
Proof. The computation of the length with respect to K is an immediate consequence of The-
orem 2.4, Corollary 2.7, Lemma 4.7 and Theorem 5.2. The other parts follow from the relation
p + 2= i XdK . 
Here we introduce two fundamental lemmata.
Lemma 5.5. For an irreducible non-degenerate projective curve C ⊂ PN , dim S1C =min{3,N}.
Proof. In general, we see that dim S1C  3. So when dim S1C = 3, there is nothing to prove. If
dim S1C = 1, then C is a line. Hence our claim holds. Thus we assume that dim S1C = 2. Then it
follows from Lemma 5.1(v) that S1C is a plane. As a consequence, we see dim S1C =min{3,N}. 
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only if C ∪ D is a plane curve.
Proof. The “only if” part comes from Lemma 5.1(v). The converse is trivial. 
Theorem 5.7. Let X be a Fano 5-fold of ρ = 1. Assume that X has a minimal rational component K with
p = 1. Then X is 3-connected byK .
Proof. By the same argument as in Theorem 5.2, we can prove this theorem. In fact, Proposition 3.6,
Lemma 5.5 and Lemma 5.6 imply that dim S1Cx  3 for the variety of minimal rational tangents
Cx ⊂ P(Tx X). It turns out that d2  4. Because d2  2(p + 1) = 4, d2 = 4. Hence X is 3-connected
by K . 
Theorem 5.8. Let X be a Fano 5-fold of ρ = 1. Then we have the following table:
p iX X lK dK
4 6 P5 1 1
3 5 Q5 2 1
2 4 del Pezzo 2 1
2 2 coindex 4 2 2
2 1 coindex 5 2 4
1 3 Mukai 3 1
1 1 coindex 5 3 3
0 2 coindex 4 5 1
0 1 coindex 5 5 2
Proof. The computation of the length with respect to K is an immediate consequence of Theo-
rem 2.4, Corollary 2.7, Lemma 4.7, Theorem 5.2 and Theorem 5.7. The other parts follow from the
relation p + 2= i XdK . 
Conjecture 5.9. For a Fano n-fold of ρ = 1, (−KX )n  (n+ 1)n.
This conjecture was proved by Hwang [14] in the case n = 4. However, in general, this conjecture
is still open for n  5. For n = 5, Hwang proved (−KX )5 is at most 81250 [15]. To the best of my
knowledge, it is the best known bound for n = 5. As an application of Theorem 5.8, we obtain an
improved bound.
Corollary 5.10. For a Fano 5-fold of ρ = 1, (−KX )5  95 = 59049.
Proof. If p = 0, we know (−KX )5  35310 < 59049 from [15, Corollary 3]. When p = 4 or 3, our
assertion is derived from Theorem 2.4 and Corollary 2.7. So it is enough to consider in the cases
p = 2 or 1. From the deﬁnition of the locus lock(x), we know two general points can be joined by
a chain of free rational curves whose anti-canonical degree is at most lK dK . Furthermore a well-
known argument [31, Step 3] implies (−KX )5  (lK dK )5 (see also the proof of Lemma 7.2(i) below).
It follows from Theorem 5.8 that lK dK  9 for p = 1,2. So our assertion holds. 
6. Lengths of Fano manifolds of coindex 3
In this section, we study Fano manifolds of coindex 3. Because we already dealt with the case
where n := dim X  5 in Theorem 1.2, we study the case where n 6.
Proposition 6.1. (See [28].) Let X be a projective variety andH ⊂ RatCurvesn(X) a proper dominating family
of rational curves such that none of the associated curves has a cuspidal singularity.
K. Watanabe / Journal of Algebra 325 (2011) 163–176 171(i) For general x ∈ X, all curves inH passing through x are smooth at x and no two of them share a common
tangent direction at x.
(ii) Assume that for general x ∈ X and any irreducible componentH ′ ⊂H , dimH ′x  dim X−12 holds. Then
Hx is irreducible. In particular,H is irreducible.
Lemma 6.2. (See [1, Corollary 1.4.3].) Let C be an integral curve and L a spanned line bundle of degree 1 on C.
Then (C, L) ∼= (P1,OP1 (1)).
Notation 6.3. We denote by (d1) ∩ · · · ∩ (dk) ⊂ Pn a smooth complete intersection of hypersurfaces of
degrees d1, . . . ,dk , in particular, by (d)k if d = d1 = · · · = dk . We denote by G(k,n) a Grassmannian
of k-planes in Cn , by LG(k,n) a Lagrangian Grassmannian which is the variety of isotropic k-planes
for a non-degenerate skew-symmetric bilinear form on Cn , by Sk the spinor variety which is an ir-
reducible component of the Fano variety of k-planes in Q2k . We denote a simple exceptional linear
algebraic group of Dynkin type G simply by G and for a dominant integral weight ω of G , the min-
imal closed orbit of G in P(Vω) by G(ω), where Vω is the irreducible representation space of G
with highest weight ω. For example, E7(ω1) is the minimal closed orbit of an algebraic group of
type E7 in P(Vω1 ), where ω1 is the ﬁrst fundamental dominant weight in the standard notation of
Bourbaki [2].
Theorem 6.4. Let X be a Fano manifold of coindex 3 with Pic(X) ∼= Z[OX (1)] and K a minimal rational
component of X . Assume that n := dim X  6. Then (lK ,dK ) = (2,1) except the case X is a Lagrangian
Grassmannian LG(3,6). In the case X = LG(3,6) we have (lK ,dK ) = (3,1).
Proof. We have an inequality n + 1 p + 2 = (n − 2)dK . It follows from our assumption n 6 that
(p,dK ) = (n− 4,1).
By Iskovskikh Theorem [23] or Mukai’s classiﬁcation result of Fano manifolds of coindex 3 [37,35],
X is
(i) a prime Fano manifold, which means OX (1) is very ample,
(ii) a double cover π : X → Pn with a branch divisor B ∈ |OPn (6)|, or
(iii) a double cover π : X → Qn with a branch divisor B ∈ |OQn (4)|.
Claim 6.5. For a general point x ∈ X, the variety of minimal rational tangents Cx ⊂ P(Tx X) is an equidimen-
sional disjoint union of smooth projective varieties.
When X is prime, this follows from Proposition 3.1. So we assume X is as in (ii) or (iii). We
denote by Y the target of π which is Pn or Qn . A Barth-type Theorem [33] implies that Pic(X) ∼=
Pic(Y ) and that π∗OY (1) ∼=OX (1), where OY (1) is the ample generator of the Picard group of Y . By
Proposition 2.1 it is suﬃcient to show that the tangent map τx :Kx →Cx is isomorphic.
Since OX (1) is spanned and dK = 1, Lemma 6.2 implies that any l in K is isomorphic to P1.
Furthermore K is proper because dK = 1 (see [30, II. Proposition 2.14]). So Proposition 6.1 implies
that τx is bijective. For [l] ∈ Kx we have OX (1).l = 1. The projection formula shows that OX (1).l =
(degπl) ·OY (1).π(l), where πl : l → π(l) is the restriction of π to l. Therefore π(l) ⊂ Y is a standard
line and πl is an isomorphism. Since x ∈ X is general, we may assume that l is free and the natural
morphism between normal bundles Nl/X → Nπ(l)/Y is generically surjective. Remark that Nπ(l)/Y =
OP1 (1)
⊕n−1 or OP1 (1)⊕n−2 ⊕OP1 . For Nl/X = ⊕OP1 (ai), if there exists i such that ai  2, we see that
the induced morphism OP1 (ai) → Nπ(l)/Y is a zero map. However this contradicts to the fact that
Nl/X → Nπ(l)/Y is generically surjective. This concludes that l ⊂ X is a standard rational curve. Hence
by Proposition 3.1, τx is an immersion. As a consequence, we see τx is an embedding. So our claim
holds.
Since n  6, Proposition 3.1 implies that Cx ⊂ P(Tx X) is non-degenerate. When n  7, we see
Cx is irreducible. In fact, if there exist distinct irreducible components Cx,1,Cx,2 of Cx , we see
dimCx,1 + dimCx,2 − dimP(Tx X)  0. This implies that Cx,1 ∩Cx,2 = φ. This contradicts the above
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remains to prove the case n = 6. If there exists an irreducible component of Cx whose secant variety
coincides with P(Tx X), we have lK = 2. Therefore we assume that the secant variety of any irre-
ducible component of Cx does not coincide with P(Tx X). If Cx is irreducible, then it is the Veronese
surface v2(P2) ⊂ P5. This follows from Zak’s classiﬁcation of Severi varieties [40]. Here remark that
the Veronese surface is the variety of minimal rational tangents of the Lagrangian Grassmannian
LG(3,6) at a general point (see [19,5,34]). Thus in this case X is isomorphic to LG(3,6) by Theo-
rem 2.5. Because the secant variety of the Veronese surface is a hypersurface, it implies that d2 = 4.
Therefore we have lK = 3. If Cx is reducible, there exists disjoint irreducible components V1 and V2.
Remark that we assumed that S1Vi does not coincide with P(Tx X) for i = 1,2. If dim S(V1, V2) 4,
we have a point q ∈ P5 \ S(V1, V2) ∪ S1V1 ∪ S1V2. For a projection πq from a point q, πq(Vi) ⊂ P4 is
a surface. Hence it turns out that πq(V1) ∩ πq(V2) ⊂ P4 is non-empty. This contradicts q ∈ S(V1, V2).
Therefore we have S(V1, V2) = P(Tx X). In particular, S1Cx = P(Tx X) and lK = 2. 
7. 2-connectedness by lines, conic-connectedness and defectiveness of secant varieties
Here we remark a relation between 2-connectedness by lines and conic-connectedness.
Deﬁnition 7.1. (Cf. [24,22].) For a projective manifold X ⊂ PN , we call X conic-connected if there exists
an irreducible conic passing through two general points on X .
Lemma 7.2. (See [22].) Let X ⊂ PN be a projective manifold which is covered by lines. Then
(i) if two general points on X are connected by two lines, X is conic-connected;
(ii) if X is conic-connected, then the Fano index iX is at least n+12 ;
(iii) assume that X is conic-connected. Then two general points on X are not connected by two lines if and
only if i X = n+12 .
Proof. (i) is well known to the experts (cf. [31], [4, Proof of Proposition 5.8]). Suppose that two
general points x1, x2 ∈ X are connected by two lines l1, l2. Then, without loss of generality, we may
assume such two lines are free. By the gluing lemma, there exists a smoothing (π : C → (T ,0),
F :C → X, s1) of l1 ∪ l2 ⊂ X ﬁxing x1, where s1 : T → C is a section of π such that s1(0) = x1 ∈
π−1(0) ∼= l1 ∪ l2 and F ◦ s1(T ) = {x1} (see [30, Chapter II.7]). According to a suitable base change, we
may assume that there exists a section s2 of π such that s2(0) = x2 ∈ π−1(0) ∼= l1 ∪ l2. Let Z ⊂ X × X
be the set of points (y1, y2) ∈ X × X which can be joined by an irreducible conic in X . Then for a
point t = 0 in T , (s1(t), s2(t)) ∈ Z . It turns out that (x1, x2) is contained in the closure of Z . By the
generality of (x1, x2) ∈ X × X , we see Z is dense in X × X . Consequently our assertion holds.
(ii) is in [22]. If X is conic-connected, then there exists a smooth conic C such that T X |C is ample.
This implies that 2i X = deg T X |C  n+ 1. Hence (ii) holds.
(iii) Suppose that X is a conic-connected manifold which is not 2-connected by lines. Then for
general two points x, y ∈ X there exists a smooth conic f : P1 ∼= C ⊂ X passing through x and y such
that T X |C is ample. This implies that H1(P1, f ∗T X (−2)) = 0. Hence there is no obstruction in the
deformation of f ﬁxing the marked points x, y. It turns out that
dim[ f ] Hom
(
P1, X: f (0) = x, f (∞) = y)= 2i X − n. (2)
If 2i X − n  2, Mori’s Bend and Break implies C degenerates into a union of two lines containing x
and y. This is a contradiction. Hence 2i X − n 1. By combining (ii), we have i X = n+12 . Conversely if
the Fano index satisﬁes i X = n+12 , it turns out from the same argument as in Theorem 4.6(i) that X is
not 2-connected by lines. 
Example 7.3. Let S4 ⊂ P15 be the 10-dimensional spinor variety and let X be S4 or its linear section of
dimension n 6. Then X is a Fano manifold of coindex 3 with the genus g := Hn2 + 1= 7, where H is
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through two general points on S4 [6]. So X is conic-connected and 2-connected by lines. Hence two
general points on X can be connected by a chain of two lines which is obtained as a degeneration of
a conic.
Example 7.4. Let X be a Grassmannian G(2,6) ⊂ P14 or its linear section of dimension n  6. Then
X is a Fano manifold of coindex 3 with the genus g = 8. For two distinct points x, y ∈ G(2,6),
they correspond to 2-dimensional vector subspaces Lx, L y ⊂ C6. Then there exists a 4-dimensional
vector subspace V ⊂ C6 which contains the join 〈Lx, L y〉. This implies that x, y is contained in a
4-dimensional quadric Q 4 ∼= G(2,4) ⊂ G(2,6). So X is conic-connected and 2-connected by lines.
Remark 7.5. X := G(2,6) ∩ (1)3 ⊂ P14 is a 5-dimensional Fano manifold of index 3. According to
Theorem 5.8, X is 3-connected by lines. However X is conic-connected. This example shows that our
chain of minimal rational curves connecting two general points is not necessary a chain with minimal
total degree.
Theorem 7.6. Let X be a prime Fano n-fold of ρ = 1 with iX = 23n and K a minimal rational component
of X . Then lK = 2 except the following cases:
(i) (3) ⊂ P4 a hypersurface of degree 3.
(ii) (2) ∩ (2) ⊂ P5 a complete intersection of two hyperquadrics.
(iii) G(2,5) ∩ (1)3 ⊂ P6 a 3-dimensional linear section of G(2,5).
(iv) LG(3,6) a Lagrangian Grassmannian.
(v) G(3,6) a Grassmannian.
(vi) S5 a spinor variety.
(vii) E7(ω7) a rational homogeneous manifold of type E7 .
Furthermore in the cases (i)–(vii) we have lK = 3.
Proof. According to the assumption that 3i X = 2n, n is 3, 6, or at least 9. If n = 3, X is a del Pezzo
3-fold. So Remark 4.8 implies that (lK ,dK ) = (3,1). Hence X is isomorphic to one of the manifolds
listed in (i), (ii) or (iii) by the Fujita–Iskovskikh classiﬁcation result [8–10]. In the case where n = 6,
we have lK = 2 or X is LG(3,6) by Theorem 6.4.
From here, we make the assumption n 9. In this case, we have 2i X > n+1. So dK = 1, that is, X
is covered by lines. By Proposition 3.1 the variety of minimal rational tangents Cx ⊂ P(Tx X) is smooth
irreducible and non-degenerate. It follows from our assumption that 2p  n − 1. Hence Cx ⊂ P(Tx X)
is a non-degenerate irreducible projective manifold of dimension 23n − 2. By Zak’s theorem on linear
normality, a classiﬁcation of Severi varieties [40] and the assumption that n  9, S1Cx = P(Tx X) or
Cx ⊂ P(Tx X) is isomorphic to the Segre product P2 × P2 ⊂ P8, the Grassmann variety G(2,6) ⊂ P14
or E6-variety E6(ω1) ⊂ P26. In the former case Theorem 4.6 implies that lK = 2. So we assume
the latter holds. Remark that the above Segre variety, Grassmann variety and E6-variety are varieties
of minimal rational tangents of G(3,6), S5 and E7(ω7) respectively (for example, see [19,5,34]). By
Theorem 2.5, X is isomorphic to one of these varieties. In this case, since Cx ⊂ P(Tx X) is a Severi
variety, S1Cx ⊂ P(Tx X) is a hypersurface [40]. This implies d2 = n − 1 [17, Theorem 3.14]. Hence
lK = 3. 
Corollary 7.7. Let X be a prime Fano n-fold of ρ = 1 with iX = 23n and K a minimal rational component
of X . Assume that n 6. Then the following are equivalent.
(i) lK = 2.
(ii) lK = 3.
(iii) X ⊂ P(H0(X,OX (1))∨) is not conic-connected.
(iv) The dimension of the secant variety S1X ⊂ P(H0(X,OX (1))∨) is 2n+ 1.
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(vi) X ⊂ P(H0(X,OX (1))∨) is projectively equivalent to one of the manifolds listed in Theorem 7.6(iv)–(vii).
Proof. By the above theorem and its proof, (i), (ii), (v) and (vi) are equivalent to each other. In general,
if X ⊂ PN is conic-connected, then the dimension of the secant variety S1X is smaller than 2n + 1
(see [21, Proposition 3.2] and [39, Theorem 2.1]). Hence (iv) ⇒ (iii) holds. (iii) ⇒ (i) follows from
Lemma 7.2. Finally, (vi) ⇒ (iv) comes from [25]. 
Remark 7.8. Corollary 7.7 and Theorem 1.1 implies that i X = 23n is also a boundary of conic-
connectedness and defectiveness of the secant variety (Remark 4.5):
Property i X > 23n iX = 23n
lK 2 2 3
Conic-connectedness Yes Yes No
Defectiveness of the secant variety Yes Yes No
8. Lengths of Fano manifolds admitting the structures of double covers
Let X be a Fano n-fold with Pic(X) ∼= Z[OX (1)], where OX (1) is ample and n := dim X  3. In
this section, we assume that X is a double cover of a projective manifold π : X → Y . A Barth-type
Theorem [33] implies that Pic(X) ∼= Pic(Y ) and that π∗OY (1) ∼= OX (1), where OY (1) is the ample
generator of the Picard group of Y . It follows from the ramiﬁcation formula of the branched cover
that Y is a Fano manifold. We denote by B ∈ |OY (b)| the branch divisor of π and by R1 the fam-
ily of rational curves of degree 1 RatCurvesn1(X). We assume that R1 is a dominating family. Then
we can deﬁne the k-th locus lockR1 (x) and the length with respect to R1 as in Deﬁnition 4.1 and
Deﬁnition 4.2.
Proposition 8.1. Let X andR1 be as above. Then the following holds.
(i) X is 2-connected byR1 if and only if for general x1, x2 ∈ X, π(loc1R1 (x1)) ∩π(loc1R1 (x2)) = φ .
(ii) Under the assumption that OY (1) is spanned, X is 2-connected by R1 if and only if for general
points y1, y2 ∈ Y there exist curves l1  y1, l2  y2 on Y such that l1 ∩ l2 = φ , OY (1).li = 1 and
lengthq(B ∩ li) ≡ 0 mod 2 for any q ∈ Y and i = 1,2.
Proof. (i) The “only if” part is trivial. We show the converse. Let x1, x2 be points on X which are not
contained in the ramiﬁcation locus of π and set y2 := π(x2). Then we have π−1(y2) = {x2, x2′}. We
assume there exists a point z ∈ π(loc1R1 (x1))∩π(loc1R1 (x2)). Then there exists a curve [lxi ] ∈R1 such
that xi ∈ lxi and z ∈ π(lxi ) for i = 1,2. Since π(lx2 ) ⊂ Y is a curve of degree 1, π−1(π(lx2 )) is a curve
of degree 2. It follows from the inclusion lxi ⊂ π−1(π(lxi )) that there exists a curve [lx2 ′ ] ∈ R1,x2 ′
such that π−1(π(lx2 )) = lx2 ∪ lx2 ′ . Our assumption implies that lx1 ∩ lx2 = φ or lx1 ∩ lx2 ′ = φ. So x2 or
x2′ is contained in loc2R1 (x1). This means π |loc2R1 (x1) : loc
2
R1
(x1) → Y is dominant. Since π |loc2R1 (x1)
is proper, it is surjective. Hence we see X = loc2R1 (x1).
(ii) Suppose that OY (1) is spanned. Let l be a rational curve on Y satisfying OY (1).l = 1. π−1(l) is
denoted by C . From (i), it is suﬃcient to show the following claim.
Claim 8.2. C is reducible if and only if lengthq(B ∩ l) ≡ 0 mod 2 for any q ∈ Y .
For the double cover π : X → Y , we have π∗OX ∼= OY ⊕ L−1, where L is an ample line bundle
on Y which satisﬁes L⊗2 ∼= OY (B). Furthermore there exists a morphism X ↪→ L := Spec(Sym L−1)
over Y . Denote by πC the restriction of π to C and by Ll one of L to l. Since X is a divisor on L,
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tion s ∈ (C,πC ∗Ll) such that s2 = πC ∗φ, where φ ∈ (P1,OP1 (b)) and (φ = 0) = l ∩ B as divisors
of l. We may assume that πC is unramiﬁed at ∞ ∈ P1. Then we see C is reducible if and only if
π−1C (A1) is reducible. Without loss of generality, we may assume that φ = (x − a1 y) · · · (x − ab y),
where ai ∈ C and (P1,OP1 (b)) ∼=
⊕b
i=0 Cxi yb−i . Furthermore we may assume π
−1
C (A
1) = (s2 =
(x − a1) · · · (x − ab)) ⊂ A2. Thus C is reducible if and only if the cardinality #{ j | a j = ai} ≡ 0 mod 2
for any i. Hence we obtain our assertion. 
Corollary 8.3. Let X , Y andR1 be as above. If Y = Pn and n b, then X is 2-connected byR1 .
Proof. There exists a standard rational curve f : P1 → X such that f ∗T X ∼=O(2) ⊕O(1)p ⊕On−1−p .
By the ramiﬁcation formula, the Fano index i X of X is equal to n+ 1− b2 . It follows from the assump-
tion n  b that i X > n+12 . Hence we have deg f∗(P1) = 1 and p = n − b2 − 1. For general two points
x1, x2 ∈ X ,
dimπ
(
loc1R1(x1)
)+ dimπ(loc1R1(x2)
)− dimPn = 2
(
n− b
2
)
− n = n− b 0. (3)
Hence Proposition 8.1 implies that X is 2-connected by R1. 
Corollary 8.4. Let X , Y and R1 be as above. If Y ⊂ Pn+1 is a hypersurface of degree d and n  2d + b − 1,
then X is 2-connected byR1 .
Proof. There exists a standard rational curve f : P1 → X such that f ∗T X ∼=O(2) ⊕O(1)p ⊕On−1−p .
By the ramiﬁcation formula, the Fano index i X of X is equal to n+2−d− b2 . Since we have i X > n+12 ,
it implies that deg f∗(P1) = 1 and p = n− b2 − d. For general two points x1, x2 ∈ X ,
dimπ
(
loc1R1(x1)
)+ dimπ(loc1R1(x2)
)− dimPn+1  0. (4)
Thus X is 2-connected by R1. 
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